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ring language $L=\{+, -, \cdot, 0,1\}$ L-structure $R$
$R$ 1 field
($0,1$ ) $L$ $\tilde{\mathbb{Q}}$
subring $R$ (subfields ) decidability, Diophantine decidability
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first order L-sentence $R$
uniform algorithm $R$ decidable
$R$ undecidable
positive exitential L-sentence $R$
uniform algorithm $R$ Diophantine decidable
$R$ { Diophantine undecidable
Diophantine decidability $R$ $\tilde{\mathbb{Q}}$ subring
$R$ $R$ recursive
recursive subring $R_{0}$ number fields
recursive $\mathbb{R}$ $R_{0}=\mathbb{R}\cap\tilde{\mathbb{Q}}$ $\mathbb{C}$
$R_{0}=\tilde{\mathbb{Q}}$ $\mathbb{C}(t)$ $=\tilde{\mathbb{Q}}(t)$ recursive
$F$ number field $F(t)$ recursive $\tilde{\mathbb{Q}}(t)$ recursive
constant symbol
$R$ uniform
algorithm $R$ Diophantine decidable
$R$ Diophantine undecidable Hilbert $10^{th}$ Problem over $R$
positive answer Diophantine decidable negarive answer
Diophantine undecidable
1646 2009 28-33 28
decidability Diophantine decidability
Fact 1 $R$ L-decidable $R$ 1 L-Diophantine decidable
$C[X,$ $YJ$ Diophantine decidable full theory
decidable $\{+,$ $-,$ $\cdot,$ $0,1,$ $X,$ $Y\}$
$R$
Fact 2 $R$ $Q(R)$ decidability
the field of all totally algebraic numbers $K=\mathbb{Q}^{tr}$
$O_{K}$ $K$ decidable $O_{K}$ undecidable
$\alpha\in\tilde{\mathbb{Q}}$ totally real $\alpha$ $\mathbb{Q}$
$R$ $Q(R)$ Diophantine decidability
$L’$ $L$
Fact 3 $R$ L-structure $R$ (Diophantine) decidable in the language $L$
$R$ (Diophantine) decidable in the language L’ $Aa_{\circ}$
$\mathbb{Z}$
$\mathbb{Z}$ $L=\{+, -, \cdot, 0, l\}$ -structure $\circ$ $L’=$
$\{+, -, 0,1\}$ $\mathbb{Z}$ $L’$-decidable L-decidable
Ax, Kochen, Ershov ring language $\{+, -, \cdot, 0,1\}$ valued fields
language $\mathbb{Q}_{p}$ decidable ring language
$\mathbb{Q}_{p}$ decidable
2 $\mathbb{Q}$
$\tilde{\mathbb{Q}}$ subringR $\mathbb{Q}$ $\tilde{\mathbb{Z}}$ the ring
of all algebraic integers
Fact 4 $\mathbb{Q}$ $\tilde{\mathbb{Q}}$ subringR undecidable
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J. Robinson number field undecidable
$\mathbb{N}$ definable
uniform $\mathbb{N}$ Rumely
number field uniform $\mathbb{N}$ (
formula $\mathbb{N}$ ) The theory of algebraic
integer rings of finite degree the theory of number fields undecidable
( theory )
Diophantine decidability J. Denef, L. Lipshitz, T.Pheidas, Shlapen-
tokh, Poonen
Fact 5number field $k$ $O_{k}$
Diophantine undecidable
1. $k$ totally real (totally real )
2. $k$ totally real number field 2
S. $k$ 1 conjugate non-real embeddings
4. $E(\mathbb{Q})$ $E(k)$ rank $\mathbb{Q}$ elliptic curve $E$
Mordell-Weil theorem $E$ $E(\mathbb{Q})$ $k$- $E(k)$
abelian group 4 rank abelian group
rank 4 number field
Conjecture 6 number fieldk $O_{k}$ Diophantine
undecidable
number fields
Conjecture 7 $\mathbb{Q}|$ Diophantine undecidable
$\mathbb{Q}$
$\tilde{\mathbb{Q}}$ subring number field $k$ $O_{k}$
$\mathbb{Z}$ $\mathbb{Q}$ intermediate ring
$S$ $\mathcal{P}$ subset
$\mathbb{Z}[S^{-1}]$
Fact 8 $S$ $\mathbb{Z}[S^{-1}]$ 1 Diophantine undecidable
J. Robinson 1949 $\mathbb{Z}$ $\mathbb{Z}[S^{-1}]$ Diophantine definable
( positive exitential formula ) $S$
2003 Poonen
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Fact 9 $\mathbb{Z}[S^{-1}]$ $\mathbb{Z}$ Diophantine model 1 $\mathcal{P}$ ecur-
sive subsetS
$S$
$\lim_{Xarrow\infty}\frac{\#\{p\in S:p\leq X\}}{\#\{p\in \mathcal{P}:p\leq X\}}$
( )
$\mathbb{Q}$ number field $k$ $O_{k}$ Shlapentokh
Fact 10 $M$ totally real field totally real field 2 totally complex
extension $\epsilon>0$ Dirichret density $1-[M :\mathbb{Q}]^{-1}-\epsilon$
$A^{a}M$ prime $W_{M}$ $M$ $O_{M}$ $O_{M,W_{M}}$ Diophantine
undecidable
$O_{M,W_{M}}$ divisor $W_{M}$ prime power product $M$




Theorem 11 The natural numbers can be defined arithmetically in any totally real
algebraic integer ring $A$ such that there is a smallest interval $(0, s)$ with $s$ real or $\infty_{f}$
which contains infinitely many complete conjugate sets of numbers of $A$ .
In particular such a ring is undecidable.
$K= \bigcup_{n}\mathbb{Q}(\cos(2\pi/l^{n}))$ ( $l$ 1 ) $O_{K}$
$(0,4)$ $\mathbb{Q}$
$(0, s)$ $O_{K}$ undecidable $(\{2+2\cos(2\pi/l^{n})$ :
$n\in N\}$ )
$\mathbb{Q}$ undecidable $\mathbb{Q}^{tr}$





$\tilde{\mathbb{Z}}$ subring totally real extension of $\mathbb{Q}$
Fact 10 [6]
$\mathbb{Q}$
$\tilde{\mathbb{Q}}$ subfield $l$ $l\equiv-1$
$(mod 4)$ 2 prime element
$\bigcup_{n}\mathbb{Q}(\cos(2\pi/l^{n}))$ undecidable
decidable $\tilde{\mathbb{Z}}$ $\mathbb{Q}$ subring
Fact 12 $\tilde{\mathbb{Z}}$ decidable
Rumely Diophantine decidable Van den Dries
full-decidability
Prestel, Schmid
Fact 13 $\tilde{\mathbb{Z}}\cap \mathbb{R}$ decidable
$M$ $\mathbb{Q}^{M}$ the field of totally M-adic alge-
braic numbers $\mathbb{Q}$ $\mathbb{Q}_{p}(p\in M)$ linear factor
algebraic number Ershov
Fact 14 $\mathbb{Q}^{M}$ decidable
Darni\‘ere
Fact 15 $\mathbb{Q}^{M}\cap\tilde{\mathbb{Z}}$ decidable
Ershov
Fact 16 $\tilde{\mathbb{Q}}$ integrally closed ring decidable
Fried, Haran, V\"olklein
Fact 17 $\mathbb{Q}^{tr}$ decidable
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